WILLIAM P. RICE

SOME OF OUR READERS MAY NOT BE
aware that 1991 marks the 100th
anniversary of the third edition
of James Clerk Maxwell's A
Treatise on Electricity and Mag-
netism, the ultimate reference on
electromagnetic theory. What
better way to recognize the im-
pact that Maxwell had on the
study of electromagnetics than to
present the first of a series of arti-
cles in Radio-Electronics on the
subject? In this edition, we will
take a physical, intuitive look at
the basics of electromagnetism,
how they relate to some common
electronic components, and how
to interpret some of the complex
mathematical symbolism. Only a
familiarity with vector algebra is
needed.

Maxwell's equations were first
formulated in 1873. In his first
publication, a mathematical
foundation for relating electric
and magnetic effects were given.
In the Preface to the 1891 edition,
J.J. Thomson noted that most of
his students had difficulty with
some aspects of electromagnetic
theory. One hundred years later,
not much has changed in that
regard. One reason is that elec-
tromagnetic theory requires

knowledge of some involved
mathematics such as vector and
tensor calculus and integral-dif-
ferential equations.

Maxwells idea that a changing
electric field gives rise to an asso-
ciated magnetic field developed
from an intuitive sense for the
natural order in the world. By
presenting physical concepts in
such an “intuitive"” way, the read-
er will find it easier to under-
stand Maxwells equations, and
his mathematical approach. Let’s
begin by examining the concept
of an electric field.

The electric field

A scaler can be thought of as a
quantity that can be completely
characterized by its magnitude.
Some examples of scaler quan-
tities are mass, time, and vol-
ume. A scaler field is simply an
extension of the scaler concept. It
is a function of position that is
specified by its magnitude at all
points in a region of space. Land
elevation is a two-dimensional
scaler field because at each point
of latitude and longitude there is
an associated height above sea
level. Air temperature is an exam-
ple of a three-dimensional scaler
field. With the appropriate in-

strument one could measure the
height, or temperature, at each
point. A scaler quantity is sym-
bolized by a letter, such as h, for
height.

A vector is a quantity that is
characterized by its magnitude
and direction. Some examples of
vectors are velocity, acceleration,
and force. A vector field is a func-
tion of position that is specified
by its magnitude and direction at
all points in a region of space. An
example of a vector field is air ve-
locity, where at each point in
space, the magnitude and direc-
tion of air flow can be measured
with the proper instrument. Vec-
tors are often symbolized by let-
ters with arrows above them,
however, we will use boldface let-
ters to indicate vectors.

When using vector notation, A
is a vector with a specific magni-
tude and direction, and —A is a
vector of the same magnitude but
pointing in the opposite direc-
tion. Vectors are illustrated
graphically by arrows, which
have a direction and a corre-
sponding length, which is pro-
portional to the magnitude.

The field concept allows us to
associate something that hap-
pens at one point with what hap-
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pens at another point even
though there may be no material
objects connecting those points;
examples are air temperature
and velocity fields. Although we
will not be directly concerned
with them here, there are other
types of fields, such as tensor
fields, that assign a set of three
vectors to each point in space, or
quantum fields that assign
mathematical operations to each
point in space-time.

Electric charges

Experiments have shown that
electric charges are either
positive or negative. Like charges
repel each other, unlike charges
attract. The unit of charge is the
Coulomb, C. The smallest magni-
tude of charge, e, is equal to

e=1.60x10 "°C.

Charge follows the principle of
conservation, which states that
the net sum of all charges in an
isolated system remains con-
stant. A charge can be moved,
but it cannot be created without
the creation of an equal and op-
posite charge.

Experiments by Coulomb
showed that if a charge, q,, was
placed at a point in empty-space,
nothing appears to happen. But
if another charge, q, is placed at
some other point, as shown in
Fig. 1-a, it will experience a force
in newtons

F.= {k%?—‘u] r,
where r, represents a vector of
magnitude 1 (a unit vector which
defines the direction) directed
from q, to q. r, is the separation
distance in meters. The constant
of proportionality, k, is a number
that is chosen to make the units
work out. Coulomb’s constant, k,

has the value in a vacuum of
k=9.0 %109 N-m2/C2

The value of k in air is slightly
greater. Using the mks system,
the constant k can also be writ-
ten as
k=1/(4meq) N-m2/C2

which will give familiar units
such as volts, ohms, and am-
peres. €, is the permittivity of free
space, and is equal to

€ =8.85x10 "

The Coulomb force, F_, on a
charge, q. will have a magnitude
proportional to the product of the
charges, and inversely propor-
tional to the square of the separa-
tion distance. That force will also
be directed away from q,. If one of
the charges is negative, then the
direction will be opposite. That
force tends to provide an acceler-
ation, a, to q in the same direc-
tion. There is, of course, an equal
and opposite force on q,, and
Coulomb’s law for that is written
by simply redefining r.

If there is a number, n, of point
charges instead of just q, pres-
ent, as shown in Fig. 1-b, the
force vector of each would all add
vectorally to give the total force

F. ={k%‘—} e [k%] r,=

1 n
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The fact that the vector forces
add in this manner is called lin-
ear superposition.

If a charge q is spread out over
aregion of space instead of being
located at one point, we consider
the charge by dividing it up into
an infinite number of infi-
nitesimal charges, dq, and sum
the contributions from each. The
force that is exerted on a charge
gp at another point is given by
the calculus notation

F.=kao/(1/r?)rdq
where the integration symbol [
can be “read” as the sum of an

FIG. 1—COULOMB'S EXPERIMENTS showed that a static electric charge produces a
force F. on another charge. A positive-point charge +q, produces a force on another
positive charge +q in the direction of the unit vector ry (a). A positive charge +q,
produces a force F.; on +q in the direction of the unit vector r,. A negative charge —qz
produces aforce F¢, directed opposite tor,. The total force on + q is the vector sum F (b).

infinite number of infinitesimal
contributions.

The electric field E

Coulomb’s law defines the force
only at one point where q is lo-
cated. It does not define a field in
the sense used here, but it pro-
vides a starting point to develop
the idea of an electric field. Sup-
pose we make g a very small
positive charge and use it as an
instrument to explore all points
other than where q, is located.
Since q experiences a force F_ at
every point it is placed, we get the
impression that the condition of
space is affected by the presence
of q,. We can amend the state-
ment that “if q; were alone in
space, nothing appears to hap-
pen’ to “if q, were alone in space,
then space has the propensity to
exert a force on another charge, if
it is present, according to Cou-
lomb’s law.” Since that inclina-
tion appears to apply to space,
independent of any q, we divide q
out of Coulomb’s law to obtain a
definition of the electric field
(also called electric field inten-

sity)
Fa o
E=-t=|k=
q [ e j| 2

which can be thought of as a
measure of the propensity. r, is a
unit vector pointing from q, to
whatever point in space is being
considered and r, is the distance.
That assigns an E vector to every
point in space (except at q, where
rs=0)

’ In the case of a number of point
charges, n, the E field is obtained
by linear superposition

ol 1
E= kZ{r_g:l O
k=1L "k

For a spread out charge distribu-
tion, summing by integration
gives

E=kj'[rl2] r dq

Figure 2 illustrates the E fields
for anumber of charge configura-
tions. The Coulomb force on any
charge q at a point is just F_=qE
where E is evaluated at that
point.

A small charge q is used to ex-
plore the field so that it has a min-
imal effect upon the object it is
measuring. Suppose we let q ap-



FIG. 2—THE E FIELD IS A RESULT OF the forces between static electric charges. Field
vectors are shown in a cross section of a 3-dimensional space for a static positive-point
charge (a) and for a static negative-point charge (b). In (c) and (d) the E fields for two static
charges are shown; the vectors are located at their tail points.

proach 0. In reality, we can’t vary
the charge continuously since
charge appears to come in multi-
ples of e, but we can idealize the
process. The force felt by that
charge will decrease as the
charge decreases, but the ratio of
the change in force to the change
in charge will reach some limit-
ing value. That relationship is
written in the calculus notation

lim AF dF

“Ag-04q | dq

Very small positive point
charges (so small that their E
fields can be neglected) can be
thought of as ideal devices to ex-
plore the E field.

Field characteristics

A scaler field, as shown in Fig.
3, can be characterized by the
fact that a scaler value can
change by a certain amount in a
particular direction. In any real
field, the values differ little from
one point to neighboring points.
The gradient of a scaler field is a

mathematical operation. It gives
a vector that points in the direc-
tion for which the value under-
goes the largest change, and
whose magnitude is that rate of
change. The gradient of the scal-
er field h is symbolized by Vh. If
Vh equals zero, then the neigh-
boring points must all equal h
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FIG. 3—THE GRADIENT OF A SCALER
FIELD is a vector field. The scaler value is
the same along each dashed line called an
equi-line. Each of the vectors have a mag-
nitude proportional to the greatest rate of
change in scaler value per unit distance,
and point in the direction of the greatest
change. The vectors are perpendicular to
the equi-line at their respective points.

values. If Vh is non-zero at a
point, then the neighboring
points at right angles to Vh have
the same value h.

For example, imagine standing
at a point on a hillside with the
height, h, at every point known.
Vh would point in the direction of
maximum increase in h, and the
maximum decrease would be in
the opposite direction, -Vh. If you
walked at right angles to Vh at
each point, you would walk along
a level or equi-height line. If Vh
equals zero, you would be at a flat
spot. Vh is a vector field since it
gives a vector for each point.

Vector fields can be charac-
terized by the fact that they give
the impression of flow, as shown
inFig. 4-a—e. In general, near any
point the apparent flow diverges
away from (or toward) the point,
rotates or curls around a point, or
is a combination of both. If the
field describes a material, such as
air velocity, then there is an actu-
al flow of material.

To measure the apparent flow,
or spreading out of the E field
from a point, imagine an arbi-
trary closed surface, called a

FIG.4—VECTOR FIELDS GIVE the impres-
sion of flow that diverges from, or curls
around, an arbitrary point p. Both the di-
vergence and curl of the field are zero in
(a). There is zero divergence and non-zero
curl in (b); the curl is a vector out of the
page at the point. In (c), the direction is
reversed, and the vector points into the
page. In (d) there is zero divergence but
non-zero curl since there are non-sym-
metrical contributions around the closed
line. Both the divergence and curl are non-
zero in (e); these fields could not be static
E fields.
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Gaussian surface enclosing a
charge q, as in Fig. 5-a. Divide
the surface into an infinite
number of infinitesimal surface
areas ds. Area is a vector because
it has a magnitude and also a di-
rection, or orientation in space
which is taken as normal (per-
pendicular) to the surface, and
pointing outward away from the
enclosed volume. Each infi-
nitesimal area is essentially a
small plane with an E vector
through it. Because the surface
is arbitrary, each ds and its E vec-
tor does not have to be parallel. In
other words, E may not be nor-
mal to the plane.

To find the apparent outflow,
we need to consider only the com-
ponent of E normal to the plane;
the rest is just flowing over the
surface. The scaler, or dot prod-
uct, E-ds, does that by giving the
product of the magnitude of E
parallel with ds times the magni-
tude of ds. That is the same as
the product of the magnitude of
the effective area (the projected
area with ds parallel to E) times
the magnitude of E. The appar-
ent flow is electric flux. Summing
the contributions from each ds
over the entire surface gives the
total flux

V= [E-ds (N/C m?)
s is proportional to the charge q
within the volume since E is pro-
portional to q. Because E obeys
the 1/r2 law, and the effective area
obeys the r? law, s is independent
of the surface. If a number of
point charges were contained in-
side the volume, § would be pro-
portional to the total charge
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FIG. 5—CHARACTERISTIC OF AN E FIELD. In (a) a Gaussian
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because the total E field is the
linear superposition of their E
fields. The proportionality con-
stant is l/e,, therefore

r=qleg

Charges outside the volume
would not contribute to the E
field. The reason for that is if
some E came in through some
ds’s, it would go out through
some other ds’s in just the right
amounts to cancel out because of
the 1/r? and r? dependence.
Graphically, lines having the di-
rection of E at each point, and
with their closeness proportional
to s are sometimes used to depict
the E field. That's a convenient
approach, but it must be remem-
bered that the E field is actually a
vector at each point in space.

If the Gaussian surface
shrinks down to a point, then all
the ds’s would shrink to zero and
so would flux . The ratio of the
change in flux to the change in
volume as the surface shrinks
reaches a limiting value. That
limiting value is called the diver-
gence, and is symbolized by

V-E = di/dyolume
That must be proportional to the
charge per unit volume
da/dyoiume = P,

which is called charge density
within the surface, therefore

V-E=pleg (N/C m)
Since €, is a constant and is inde-
pendent of the volume, the above
equation could be written as

V-eoE=p

A number of E field instruments
(small +q%s) scattered around a
region, would diverge away from
a positive charge (a positive di-

b
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infinite number of infinitesimal areas d. surrounds a positive charge q. The total apparent
flow of the electric field and the electric flux is the sum of E-dg over the entire surface,
which is proportional to q. Flux from charges outside the surface does not contribute
because whatever flux “flows” through the surface must also flow back out. In (b), an
amperean loop composed of an infinite number of infinitesimal lengths, dl, encircles the
charge. The electric circulation around the loop [E-d, is zero.

vergence) or converge upon a
negative charge (a negative diver-
gence). A field with zero diver-
gence cannot start or end at the
point.

The apparent rotation of the E
field around a point can be mea-
sured by imagining an arbitrary
closed curve, called an amperean
loop, of length 1, encircling a
charge q as in Fig. 5-b. Divide the
loop into an infinite number of
infinitesimally small lengths, dl.
The direction of dl is taken as
counter-clock wise. A loop is used
because the dl's define general di-
rections around q, whereas for a
surface, the ds's define general
directions away from q. Each dl
is so small that it is essentially a
straight line segment with an E
vector through it. The apparent
rotation at each dl is the magni-
tude of the component of E, par-
allel to dl times the magnitude of
dl. We must again use the dot
product E-dl to allow for the fact
that E may not be parallel to dl.
That gives the magnitude of the
E component parallel to dl times
the magnitude of dl.

Imagine moving around the
loop, summing up E-dl to obtain
the total apparent rotation, or
electric circulation. Since E
points radially along r, the only
place E-dl is non-zero is where dl
has a component parallel to r.
But the entire loop is closed, so
for any amount it moves out radi-
ally, it must at some place move
that same amount inward. The
field is symmetrical, therefore
whenever E-dl is positive along
some dIs, it is negative by the
same amount along other dl’s,
with a net result of zero. In cal-
culus notation

E-dl=0

The circle on the integration
symbol reminds us that the loop
is closed. Again, by linear super-
position, that is true for any stat-
ic charge configuration.

If the amperean loop shrinks
down to a point, all the dl's would
shrink to zero, and so would °
JE-dl (even if it weren't already
zero). But the ratio of the
change in §{E-dl to the chan%e in
the enclosed area as the loop
shrinks reaches a limiting val-
ue. That limiting value is called
the curl, and is symbolized by

VXE =d(fE'dK::3atea-
The curl is a vector, since area is a
vector. It's direction is taken as
continued on page 79



ELECTROMAGNETICS

continued from page 68

the direction of the extended

thumb of the right hand with the

fingers wrapped in the general di-

rection taken around the loop. In

the case of the static E field
fE-d1=0

therefore
VXE=0.

The curl is a vector measure of
the apparent rotation of the field
about a point. If a number of E
field instruments were scattered
around a region, the group would
not rotate.

The divergence and curl of the
types of fields we're discussing
completely characterize the field;
E can be found if V':E and VXE
are known. This is known as
Helmholtz's theorem.

The curl of a vector field is al-
ways zero, if, and only if the field
is the gradient of some scaler
field. Consider our h field exam-
ple. If VX Vh were non-zero, then
in following a closed path from
some point and back to the be-
ginning, one encounters dif-
ferent rates of change of height
times distance when taking dif-
ferent paths. §Vh-dl would be
path dependent. That would
amount to leaving from a point
at, for instance, 50 meters in
elevation and returning only to
find the elevation is 300 meters,
or 2 meters, depending upon
what path was taken!

The divergence of a field is al-
ways zero only if the field is the
curl of another field. Imagine
the fields of Fig. 4 in 3-dimen-
sional space. Curl the right-
hand fingers in the direction of
the apparent rotation around
the point. The extended thumb
is the direction of the curl vec-
tor at that point. Conversely,
consider the vectors shown as
cur] vectors. Direct the thumb
along them and the fingers will
curl in the direction of the field
vectors. The field vectors seem
to cancel, and not spread out.
Those fields are the curl of an-
other vector field. Try that with
Figs. 2 or 4 and you'll get con-
flicting results.

Next time, we'll develop
Ohm’s law and look at the E field
in materials, which will provide
further insight into Maxwell’s
equations. R-E
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